
Motors

For the Crawler and Final projects we’ll be using electric motors, so it is worthwhile to look
closely at their characteristics. Please review these notes and watch the accompanying short video
on Canvas, which you will find in the Motors module (Basics of Motor Analysis)1. There is also
a single short preparation question for Monday on page 6 of these notes.

Introduction

We start with the classic equations of electromagnetism. The Lorentz force for a current, I, flowing
in a magnetic field, B, is F = I⇥B, per unit length of wire, where the right-hand rule applies (Fig.
1). At the same time, Faraday’s law applies, so that a voltage or back EMF is generated by the
wire in a varying magnetic field: ✏ = d�/dt where � is the magnetic flux (integral of B and area)
and ✏ is the generated electromotive force or EMF.

Figure 1: (left) Lorentz force F for a wire with current in a magnetic field. (right) Induced voltage
for a coil in a varying magnetic field.

These two equations govern the behavior of a motor as a force (or torque) producer and as
a voltage generator: It produces a torque in proportion to the current flowing through it, and it
generates a voltage in proportion to how fast it spins (which determines how rapidly the magnetic
field varies for each coil of wire).

Permanent magnet DC motors

Permanent magnetic motors are increasingly popular in all kinds of equipment from robots to
medical equipment to automobiles, due to their e�ciency and the recent availability of powerful
rare-earth magnets (e.g. neodymium iron boron and samarium cobalt). The high-end PMDC
motors are brushless, with digital commutation. At the lower end, we find brush-type motors,
which can range in cost from a few dollars (your crawler) to a few hundred dollars (Maxon). In
each case, the basic principle is essentially the same, as illustrated in Fig. 2.

We model the motor from two perspectives: as an electrical circuit (Fig. 3 left) and as a
magnetic actuator (Fig. 3 right.)

The electrical diagram shows that an applied voltage, V , can be considered to drop through
the resistance in the motor coils, R, and a back EMF voltage, k!, which is generated by the motor

1https://www.youtube.com/watch?v=ODgxmvhBiko As usual, 1.5x speed suggested
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Figure 2: Stages in the cycle of an electric motor. Source: http://en.wikipedia.org/wiki/Brushed
DC electric motor

Figure 3: Left: electrical circuit for motor. Right: mechanical schematic for motor.

as it turns. Every motor is also a generator; every generator is also motor. The back EMF is a
function of the angular velocity, ! and a constant, k, which is a function of the motor design and,
especially, of the permanent magnets.

The right diagram shows that the current passing through the coils generates (via the Lorentz
force) a torque, T

m

, which acts against friction, T
f

and the output or load torque, T
L

.

Essential motor equations

Summarizing the two diagrams we have the two essential motor equations. Everything else can be

derived from these:
V � iR� k! = 0 (1)

T

L

= T

m

� T

f

,where T
m

= ki (2)

Notice from eq. 1 that the current i and the angular velocity ! are always inversely coupled; if
we know one under any operating condition we can always find the other. Notice from eq. 2 that
torque is always linearly proportional to current. Conveniently, if we use MKS units, the motor
constant, k, is the same for the electrical and mechanical aspects of the problem. (Consider that
power = volts ⇤ amps = torque ⇤ angularvelocity = ki!.)
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Two special conditions are of particular interest in defining the properties of the motors: Stall
and No-Load:

Stall

At stall, ! = 0. Equations 1 and 2 give us definitions for the stall current, i
s

and the stall torque,
T

s

:
V � i

s

R = 0 or : i

s

= V/R (3)

T

s

= T

m

� T

f

= ki

s

� T

f

(4)

The stall current and stall torque are the maximum possible values of current and torque, respec-
tively. (To prevent overheating and excessive power consumption you usually don’t want to hold a
motor at stall for long.)

No load

At no load, the motor is spinning freely, T
L

= 0, and the only torque is the friction torque, T
f

.
Equations 1 and 2 become:

ki

nl

= T

f

or : i

nl

= T

f

/k (5)

V � i

nl

R� k!

nl

= 0 (6)

where we can solve for !
nl

using i

nl

from eq. 5. However, in practice, it’s usually more accurate to
measure !

nl

directly if we have a tachometer. (Actually, measuring !

nl

is a good way to get T
f

.)

Torque plots

We now have enough information to make some torque-speed and torque-current plots (Fig. 4)
that define our motor. You’ll often find examples of these published in motor catalogs.

�����

Figure 4: Left: typical torque-current plot. Right: typical torque-speed plots at a couple of di↵erent
voltages.
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Power

The output power of our motor is P
o

= T

L

!. At what value of ! will it be maximized? (Compare
with the oxen peak power and engine peak power from earlier examples.) We can use eq. 1 to write
! in terms of i, and eq. 2 to get T

L

in terms of ki to get:

P

o

= (ki� T

f

)(V � iR)/k (7)

Then we take @P/@i and set to zero to find the maximum:

k(
V � iR

k

)� (ki� T

f

)(R/k) = 0

i = V/2R+ T

f

/2k (8)

Then recalling that i
nl

= T

f

/k and i

s

= V/R we have the current for peak power: i
pp

= 1
2(is+i

nl

)
which is exactly the average of the stall current and the no-load current. Knowing the current,
we can also get the ! and T

L

from the previous equations. It turns out that !
pp

= !

nl

/2 and the
power plot is a parabola, as seen in Fig. 5.Volts: 6

Current (amps) Omega (rad/s) Omega rpm Torque Out Power In Power Out Efficiency

0.435 0.00 0 0.00684041 2.61 0 0 stall

0.410 19.4988184 186.2 0.00640193 2.46 0.12483 0.0507439

0.400 27.36676267 261.333333 0.00622653 2.4 0.1704 0.071

0.390 35.23470694 336.466667 0.00605114 2.34 0.21321 0.09111538

0.380 43.10265121 411.6 0.00587574 2.28 0.25326 0.11107895

0.370 50.97059548 486.733333 0.00570035 2.22 0.29055 0.13087838

0.360 58.83853974 561.866667 0.00552495 2.16 0.32508 0.1505

0.350 66.70648401 637 0.00534955 2.1 0.35685 0.16992857

0.340 74.57442828 712.133333 0.00517416 2.04 0.38586 0.18914706

0.330 82.44237255 787.266667 0.00499876 1.98 0.41211 0.20813636

0.320 90.31031682 862.4 0.00482337 1.92 0.4356 0.226875

0.310 98.17826108 937.533333 0.00464797 1.86 0.45633 0.24533871

0.300 106.0462054 1012.66667 0.00447258 1.8 0.4743 0.2635

0.290 113.9141496 1087.8 0.00429718 1.74 0.48951 0.28132759

0.280 121.7820939 1162.93333 0.00412179 1.68 0.50196 0.29878571

0.270 129.6500382 1238.06667 0.00394639 1.62 0.51165 0.31583333

0.260 137.5179824 1313.2 0.003771 1.56 0.51858 0.33242308

0.250 145.3859267 1388.33333 0.0035956 1.5 0.52275 0.3485

0.240 153.253871 1463.46667 0.00342021 1.44 0.52416 0.364

0.230 161.1218152 1538.6 0.00324481 1.38 0.52281 0.37884783

0.220 168.9897595 1613.73333 0.00306942 1.32 0.5187 0.39295455

0.210 176.8577038 1688.86667 0.00289402 1.26 0.51183 0.40621429

0.200 184.725648 1764 0.00271863 1.2 0.5022 0.4185

0.190 192.5935923 1839.13333 0.00254323 1.14 0.48981 0.42965789

0.180 200.4615366 1914.26667 0.00236784 1.08 0.47466 0.4395

0.170 208.3294808 1989.4 0.00219244 1.02 0.45675 0.44779412

0.160 216.1974251 2064.53333 0.00201705 0.96 0.43608 0.45425

0.150 224.0653694 2139.66667 0.00184165 0.9 0.41265 0.4585

0.140 231.9333136 2214.8 0.00166625 0.84 0.38646 0.46007143 peak

0.130 239.8012579 2289.93333 0.00149086 0.78 0.35751 0.45834615

0.120 247.6692022 2365.06667 0.00131546 0.72 0.3258 0.4525

0.110 255.5371464 2440.2 0.00114007 0.66 0.29133 0.44140909

0.100 263.4050907 2515.33333 0.00096467 0.6 0.2541 0.4235

0.090 271.273035 2590.46667 0.00078928 0.54 0.21411 0.3965

0.080 279.1409792 2665.6 0.00061388 0.48 0.17136 0.357

0.070 287.0089235 2740.73333 0.00043849 0.42 0.12585 0.29964286

0.060 294.8768678 2815.86667 0.00026309 0.36 0.07758 0.2155

0.050 302.7448121 2891 8.7698E-05 0.3 0.02655 0.0885

307.88 0.045 306.6787842 2928.56667 0 0.27 0 0 NL
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Figure 5: Current (amps), Power (Watts) and E�ciency versus speed (rpm) for old style Lego
motors at V = 6 volts.

E�ciency

What about e�ciency? Is it most e�cient to run the motor near peak power? For e�ciency, we
take the ratio of output (mechanical) power to input (electrical) power. As before, we can use
equations 1 and 2 to write everything in terms of a single variable, i:

⌘ =
P

out

P

in

=
T

L

!

V i

=

✓
ki� T

f

V i

◆✓
V � iR

k

◆
(9)
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From this ratio, we can see immediately that e�ciency will be zero at stall (because ! is zero) and
at no-load, when T

L

= 0 (i.e., when ki = T

f

). The optimum will be at some intermediate value of
current and speed.

Taking the partial derivative of equation 9 with respect to i results in a messy expression, but
we can use equations 3 and 6 to rewrite ⌘ in terms of i

s

and i

nl

: ⌘ = (1 � i

nl

/i)(1 � i/i

s

) from
which

@⌘/@i = 0 =

✓
i

nl

i

2
� 1

i

s

◆
or: i

⌘

=
p

i

nl

i

s

(10)

As seen in Fig. 5, the peak e�ciency occurs at a somewhat higher speed (and lower torque) than
peak power, i.e., ⌘

max

occurs when a motor is lightly loaded. As soon as a motor starts to “bog
down,” the e�ciency drops rapidly.

We conclude by replotting Fig. 5 in terms of current, i, instead of speed, in Fig. 6.
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Figure 6: Speed (radians/sec)⇥(1/1000), Power (Watts) and E�ciency versus Current (amps), for
old style Lego motors at V = 6 volts.

Running with Batteries

When running on a power supply, you need to keep an eye on the maximum required current
(e.g. at stall) to make sure the supply does not “current limit,” which reduces the voltage. When
using batteries, a similar e↵ect occurs due to the internal resistance of the batteries (Fig. 7). The
batteries’ resistance is added to that of the motor, so that the available voltage across the motor is
less than the nominal battery voltage. For example, suppose we have two 1.5 volt batteries, each
with an internal resistance or 0.2 ohms. If the motor is drawing 0.5 amps of current, the actual
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Figure 7: When running with batteries, there is some internal resistance in the batteries, hence the
voltage across the motor is somewhat reduced.

voltage across it will be 1.5� 0.5 · (0.2 + 0.2) = 1.3 volts. At higher currents and lower speeds, the
actual motor voltage will drop further.

A motor example

The final page of this handout is from Mabuchi Corp. and provides details on one of the small
motors that is commonly used for ME112 Final Projects (but is not the motor used for crawlers).
Take a look at the various terms and see if you can make sense of them in terms of i

s

, i
nl

, !
nl

and
T

s

, etc.

Preparation question for Monday labs: Suppose you have what you believe is a Mabuchi
RE260-RA motor (see next page). But which of the three variants is it? You have a good quality
adjustable power supply where you can accurately set the supply voltage and measure the current.
What would you do to determine which one you have? Please write your answer below and bring
these notes to labs on Monday.
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Headquarters  430 Matsuhidai, Matsudo City, Chiba, 270-2280 Japan.  Tel:81-47-710-1177  Fax:81-47-710-1132 (Sales Dept.)

SPEED CURRENT SPEED CURRENT TORQUE OUTPUT TORQUE CURRENTMODEL

VOLTAGE

OPERATING
RANGE NOMINAL

r/min A r/min A mN·m g·cm W mN·m g·cm A

NO LOAD AT MAXIMUM EFFICIENCY STALL

RE-260RA-2670 1.5~3.0 1.5V CONSTANT 6300 0.16 5040 0.64 0.98 10.0 0.52 4.90 50 2.56

RE-260RA-18130 1.5~4.5 3V CONSTANT 6900 0.095 5470 0.36 0.97 9.9 0.56 4.70 48 1.40

RE-260RA-2295 1.5~4.5 3V CONSTANT 9400 0.15 7610 0.64 1.31 13.3 1.04 6.86 70 2.70
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Typical Applications Toys and Models : Motorized Toy / Motorized Plastic Model 

OUTPUT : 0.4W~4.0W (APPROX)

RE-260RA-2670 1.5V
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Metal-brush motors

WEIGHT : 28g (APPROX)

RE-260RA

RE-260RA-18130 3.0V


