See also: https://www.youtube.com/watch?v=4fMRIrNLB58
(in Mechanisms and Linkages module in Canvas)

4-bar Linkage position analysis

Terminology

Vectors in a plane can be represented in several equivalent ways, using an (x, y) or (i, j)
coordinate system:

R = [ry, 1y]', a column vector in Cartesian [x, y] coordinates such that R = |R| = sqri(r>+ ryz)
R = RsinB i + Reos6 j in terms of angle, 8, and magnitude, R
R = Re® in complex exponential notation

You may encounter any of these in kinematics textbooks.

Idenitities from trigonometry

Given a triangle of sides a, b and c and angles A, B, C and circumscribed by a circle of radius R.

AR

e The law of sines: a/sinA = b/sinB = c/sinC = 2R
* The law of cosines: a”+ b*— 2abcosC = ¢?
Euler’s identity: €® = cos6 + 1 sin®
The Loop Eq}lation:

Let each link of a 4-bar mechanism be considered as a vector, R;, from its starting joint to the
next joint. Then R; + R; + R3 + Ry = 0. (This is a vector equation so it results in two equations in

x and y.)
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1) Vector loop: m+ R =H+ 1 . .
@ PrrThEnTR coupler Using the law of cosines:
coupler point
point rax + r3x = rx + rax
or (4) 2 =r2+r?—2nrcosb,
fs r (2) pcosby + r3cosbs — rcosby —rp =0
3
(5) 2+ r2 —r? =2nrcosy
rs ry +r3y = ry + ny g
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Using the law of cosines:

)
4) ww = Jm + Gm — 2r1r> cos O
T 0 2., ,2 2
(5) rs 4+ r5 —r{ =2rrcosy
(6) 2+ r2—r2=2nrcosa
27-6

N\

Using the law of cosines:

(4) 2 =r2+r? —2nncosb;

(5) 2+ 1} —r2=2nmncosy

Two possible solutions for arccos( )

(6) 2+ r? —r2 =2nrcosa

alpha is sometimes negative

Summary:
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Combining vector loop x and y

coupler
point .
equations 2 and 3:
y
rs r3 () sinfls  rsins — rosinb;
cosf3  rycosfs — rrcosfs + 11

M4
use atan2(y, x) to solve for 63

r [z U]
@N o Oh X

r

» Depict linkage as a series of vectors: i, r3, 13, fa.

» Add fictitious hypotenuse, and use Law of Cosines

to solve for angles.

» Keep track of which quadrant (0, 7/2, 7, 37/2, 2m)

angles are in.
» Using tan half angle identity, one can convert equations
to a quadratic, for which the roots are the two inversions
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Four Bar Solution using the Tangent Half Angle Method

An inconvenience with the

“straightforward” trigonometric
b analysis is that it can be tricky

to catch the multiple possible

‘% solutions to the equations for
various ranges of angles. For
this reason, in the kinematics

3 literature people often use
@ complex exponential notation or

the tangent half angle identities.
The advantage to this approach

) is that we get a direct quadratic
equation, the two solutions of
which correspond exactly to the
two possible inversions of the
mechanism.

¢ cos¢ [

. sin 1 —cosg
[ =tansip = = . :
2 . .
1+ cosy sin

source: http://en.wikipedia.org/wiki/Tangent_half-angle_formula

A good derivation is from M. Michael M. Stanisic’, a kinematician at Notre Dame University
(http://www.nd.edu/~stanisic/ AME40423/):

Figure 9.3: The four bar mechanism and its vector loop

Note that X is taken aligned with link 1, which simplifies the math slightly.
We get the normal loop equations:

racosfly + rycosfly —rqcosfy — 1 = 0 (9.3)

T9sinfly + rgsinfls — rysinfly = 0.

We can rearrange these a bit as follows:



racosfly = —rycosfly + rycosfy + 1y (9.2)

rasinfly = —rosinfy + rysinfy | (9.26)
then square both sides of each equation and add the results together,
r::-;) = r% + r:f + rf — 2ror4cosbycostly + 2rirycoslly — 2raricostly — 2rorysinfasinfy . (9.27)

This gives a single nonlinear equation in which the unknown is theta4. (Theta2 is the input.)

To make the solution more straightforward, it is useful to define some intermediate values: A, B,
C. Then we introduce the tangent half-angle identity to solve for tan(theta4/2).

Begin by rewriting (9.27) as,
Acosby + Bsinfly = C (9.28)

where A, B and C are computed from the constants and the value of the input,

A = 2ry(ry —rocosth) (9.29)
B = —2ryrysinfy (9.30)
C = r2—13—72 -1+ 2roricosby , (9.31)

Equation (9.28) can be solved in closed form for #4 by using the “tangent of the half angle
formulas”. In the case you are not familiar with these, they, along with the trigonometric
“double angle formulas” are derived for you in the appendix. The tangent of the half angle
formulas work like this.

Define u4 as the tangent of the half angle of 64, i.e.

(7
uy = tan (—4) (9.32)
2
then, as shown in the appendix,
]. — U2 21[.
cosfly = 4 and sinfy = —— . (9.33)
I+ ug 1+ ug

Substituting (9.33) into (9.28) yields a quadratic for uy,
(C+ A)uj —2Bug + (C —A) =0, (9.34)
which can be solved with the quadratic equation giving two values of 14,

 Bx[A’+B2-C73

CTA (9.35)

i

The two solutions to u4 correspond to the two possible inversions of the mechanism. Having
found u4, we use the equations above to back-solve for theta4 and finally theta3.

This is the method used in HalfAangleMethod.m, which will be posted on Coursework for
running in Matlab or Octave and can be use to help check your own Matlab/Octave simulation
code for your own mechanism.



